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Rotating Colored Black Hole in SU(5) GUT

Hongwei Yu'
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Gravity coupled to the SU(5) GUT is considered. A family of stationary axisym-
metric solutions is obtained, which represents a rotating black hole with a QCD
color hair as well as electromagnetic hairs.

1. INTRODUCTION

Black holes with hairs other than the total mass, angular momentum,
and electric and magnetic charges have attracted much attention recently
(Bowick, 1990; Bowick et al., 1988; Krauss, 1990; Krauss and Wilczek,
1989 ; Campbell ef al., 1990). Krauss (1990) and Krauss and Wilczek (1989)
pointed out that black holes can carry discrete hairs, and Bowick (1990),
Bowick et al. (1988), and Campbell ez al. (1990) discussed black holes with
axion hairs.

Quite naturally, one hopes to be able to characterize all the possible
hairs that can be associated with a black hole. We know that elementary
particles can carry a great number of different charges. Are black holes really
so different? If we consider gravity coupled to an Abelian U(1) gauge field
(electromagnetic field), then it is well established that a black hole can carry
electric and magnetic charges. The coupled Einstein—-Maxwell equations have
a uniqueness theorem similar to the vacuum case—there is a unique four-
parameter family of black hole solutions described by the Kerr-Newmann
metric (Mazur, 1982). However, if we go to the non-Abelian case, then no
apalogous statements exist.

As pointed out by Bowick (1990), it is not so clear if a black hole can
carry a non-Abelian charge (hair) like QCD color. In order to discuss this
problem, we should consider gravity coupled to the Yang-Mills (YM) or
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Yang-Mills-Higgs (YMH) system of fields. However, the Einstein-Yang-
Mills (EYM) system only describes the massless gauge fields, and the only
observed massless gauge meson is the photon. All others should be massive,
So, it is physically more interesting to consider the Einstein-Yang-Mills-
Higgs (EYMH) system, especially a realistic EYMH system, i.e., gravity
coupled to a realistic YMH unified gauge theory.

For the SO(3) EYMH system, both static (Bais and Russel, 1975; Cho
and Freund (1975)) and stationary (Kamata, 1982) solutions were obtained.
Recently we have studied gravity coupled to a realistic, non-Abelian, spon-
taneously broken gauge theory—the SU(S) GUT model—and obtained a
family of static, spherically symmetric solutions (Yu, 1991) which may lead
to a black hole with a QCD color hair.

In this paper, we present an exact rotating black hole solution for
gravity coupled to the SU(5) GUT model. Our solution is characterized by
five physical parameters (mass M, angular momentum S, electric charge Q,
magnetic charge P, and QCD color charges C), and represents a black hole
with five hairs.

2. EQUATIONS OF MOTION AND THEIR KERR-NEWMAN
TYPE SOLUTION

We consider the coupling of gravity to the SU(5) GUT model in four
dimensions described by the following action:

Jd4x \/«‘(_—1’6“6-— 28“” ve Tr(Fqupd)+guV TI'(D ¢D ¢)

+g"" (D, H)" (D, H)~ V(§, H)) (2.1

with
Fup=0,A,~0,4,—ig[A,, A)), A,=A42° a=1,...,24
D,¢=0,0—ig(A,, ¢], DH=08,H—igd,H

2 2
¢, H)y=a Tr[( “%V) (¢+2——jﬁ\/> ]+az(2 Tr ¢*—v?)? 2.2)

2
+ay(H H~ 0?) +a4H+<¢+ NG )

a;>0, v~10"GeV, @~10°GeV, g=(3"%
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where g’ is the SU(5) gauge coupling constant and e the charge of an electron.
The group generators A“ are chosen to satisfy Tr A“A?=135,%A =1 The
¢ and H are the 24 rep and 3 rep of SU(5), respectively. Their vacuum
expectations are

(py=v diag(V1/T5, /1/T5, /T/15, —3/215, —3/215)
{H>=co0l(0, 0,0, 0, ®)

(2.3)

After the spontaneous breaking mechanism of Higgs ¢ and H, SU(5) breaks
down to SU3). X U(1)em.
The equations of motion resulting from (2.1) are

RFY ~ g’ R=8nGT""

(=8 7'D,(V-g g8 Fpo)
=—ig'g"[¢, D, ¢p] —ig'g" " A(H A'D, H— (D, H)* A"H)

(2.4)
(B D D.g) = T
0
(=8 D g Doy == D)

Here the space-time indices are y, v=1, r, 8, ¢. With the YMH system of
fields as a source of the gravitational field, the generation of nontrivial
topologies by the interaction of the YMH fields and the associated gravita-
tional field is expected. The energy-momentum tensor of the coupled EYMH
system is given by

T, = —2g"g"? Tr(F,pF,,)+ 16" ,8°°8°F Tr(F,oFsp)
+2g*° Tr(D,¢pD,¢) — 6*,8°° Tr(D,pDsd) +2g"°(D,H) (D ,H)
— 84,87 (D,H) (D H)+ 84,V (¢, H) (2.5)

in order to get the KN-type solution, we use the following stationary axisym-
metric form for the space-time metric:

dS’=Xd’— Y dr*~Z d0°—V de’ —2W dt - do (2.6)

where X, Y, Z, V, and W are functions of r and 6. For the purpose of
obtaining an exact rotating SU(5) dyon or monopole solution, we extend
the spherically symmetric Dokos and Tomaras (1980) ansatz (Yu, 1991) to
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the axisymmetric form as follows:

1 for
Ao(xr)=— diag| B,, B, B, +
o(r) 7% g<1 1, D2 5

Bs, _2(31"‘32))

A,=0, Ag=£(TXf)9, A¢=D(TXI§)¢
gr )

£ 2.7

| N
¢=—,E‘dlag(F], Fi, Bt B -1, —2(F + F))
4
|
=~ col(0, 0, 0, 0, I)
g

with

=3 diag(0,0,,0),  #=r/lr
R=sin 6§ cos ¢ e, +sin 6 sin ¢ e, + E(r, §) cos 0 e, (2.8)
T=r’+a’ cos’ 0
B;, C, D, E, F;, and I are all functions of r and 6. When the parameter a
(=S/M) is zero, obviously, (2.7) should reduce to the Dokos and Tomaras
(1980) ansatz (Yu, 1991), i.e., we should have (Yu, 1991)
B/x=Ji(r), C=K()—1, D/Z=[K()—1}/r

(2.9)
E=1, F/Z=¢i(r), I=h(r)

For nonzero parameter a, we have obtained an exact solution of the coupled
SU(5) EYMH equations (2.4) as follows (see the Appendix for the
verification):

B;=b.r=—B2=b2r, Bg=b3r—a CcOS 9, (b]=_b2)

C=-1
D=—r—bja cos 0
E_r2+a2—b3ra sin 0 tg 0 (2.10)

2+ byra cos 0

Fi=J1/15 vg'Z, F,=—(1/4/15) vg'z, F3=(5/4/15) vg'%
I=og
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and

Y=1 _§<2Mr_i{1>2+ %[Q2+(C8)2]}>
b3 87

Y=3/A
Z=3

V= [r2+a2+g(2Mr—8i{P2+ %[Q2+(Cs)2]}>a2 sin’ 0] sin® 6 (2.11)
T

W= —g(2Mr—§§r;{P2+ §[Q2+(C8)2]})a sin’

A:’Z+“2“G<2Mr—é3~{1’2+%[Q2+(cs)zl})
VA

where the b; are constants of integration. M represents the mass of the field
configuration and « the angular momentum parameter, i.e., the angular
momentum per unit mass. The constants P, Q, and C® are given by

:fif’ Q=4n(—b}+b2—b3)’ Cg=4n(4b)—b3) (2.12)
2e 2e Je

Their physical meaning will be discussed in the following section.

3. DISCUSSION AND CONCLUSION

Now we investigate the long-range magnetic, electric, and color proper-
ties of our solution. Let us start by defining the electromagnetic field strength
to be (Dokos and Tomaras, 1980)

2
;IVE; Tr(FuV(r)Q(r)) (31}
where the electric operator is

0r) ~ ediag(~3, ~3, 3-3#1,0)

¥~ o0
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From (2.10) and (2.7), (2.8), we have

1 . F1 F, 1"2 T;r T F1+F2
F”=—/dlag[§’i7’§5+zz 2 2( 32 )}

Fre__ dlag( 14 Sin 0 A Szln 9, 2 S;:n 0(A2+Az ) 0>

3.2
l (O, 0, (r +a?) sin 0 0), Fip=0
g 2
l <O, 0, - F3a sin” 0 £+ 1:’ O), Foa=0
g 2
with
=b,(r*—a* cos® 9), Iy =by(r*—a’ cos’ 9)
T3=—2ra cos 0 +bs(r’—a° cos® 0), bi=—b, = IN+1H,=0 (3.3)
A =—-2byracos 0, Ay=—2b,ra cos 0 ’
As=—2bsra cos 0— (r*—a* cos’ 9), bi=—b, = Ai+A=0
so the ordinary electric field E(r) and magnetic field B(r)
E(r)= ; Tr(Foi(r) Q(r))
| 3.4)
B;(r) E; Tr(ep Fu(r)Q(r))
can be calculated as follows:
(Ers E99 Eq,):(F,{,, Fé!, F(Ipl)
—Ty+T,~T; asin 8 )
, —“Ai+A—Ay), 0
3»( 2e3? yexz (Tt ATAY)
(3.5)

(Br’ BG, B(D):(Féqua Fn;r: F:G)

-1
~
r— o <2€22

As(r?+d®) sin 0, Tsa sin® 6, 0)
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which, when expresssed in the asymptotic rest frame (Misner ef al., 1973),
have the following radial orthonormal components:

— + — —_— —
(E,, Eg, Ey) ~ <_r_‘,I;2__I~3, 0, O)_,(M 0, 0)

row 2e%° 2er*
Adn(—b,+b,—b 1
:( w(—b,+b,—b3) 0, 0)
2e Ary

(3.6)
—-A 1
(Br‘a BG'a qu) i (56—22—35 07 0)_’<_2; 0, O)

r— o 26?’
4 1

:(_ﬂ —, 0’ 0)
2e 4nr

We now proceed to the investigation of the color properties of our
solution. By analogy, we can define the color-electric and color-magnetic
fields, respectively, as

Ej(r)=2 Tr(Fo,(r)A%(r))

(3.7
B (r) =Tr(epuFualr)A(r)), a=1,...,8
where A%(r) with a ranging from | to 8 are the generators of the SU(3),
subgroup. By looking at what happens along the +z' axis at infinity, we
conclude

Ar 5% ) (C“ )
E’ Ej, Ey —(4b; = b3)——=, 0,0 |={—, 0, 0
( o 'p)r?oo (ﬁe( : 3)47tr2 4’

1 505 \
B, By, By ——,0,0
( ¢ 4'7)r::)co (ﬁg’rz )

Consequently, we can see from (3.6) and (3.8) that the constants P, Q, and
C?, respectively, have the physical meaning of the magnetic, electric, and
color charge carried by the field configuration of our solution.

From the metric (2.11), we can show in Boyer-Lindquist coordinates
that there is an event horizon at

(3.8)

1/2
rH=GM+((GM)2—a2—g-{P2+%[Q2+(c8)2]}) (3.9)
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So our solution represents a QCD colored, electromagnetically charged,
rotating black hole provided that

a2+%§{P2+%[Q2+(C8)2]}S(GM)2 (3.10)
w

Our black hole is smaller than the Kerr-Newman black hole. The black hole
shrinks as the number of physical conserved quantities increases.

Now we would like to end the discussion part of this section by pointing
out that the metric (17) in Yu (1991) can be written

d52=(1 _@_4— 3G {P2+ _%[Q2+(C8)2]}) dr’
r

8rr?

+
r 8rr?

—( 2GM | 36 {P2+_%[Q2+(c8)2]}> r?

—r*(d§*+sin” 8 d¢°) (3.1

Thus the solution given in Yu (1991) for the coupled SU(5) EYMH system
can lead to a QCD colored, electromagnetically charged, static black hole if
the following relation is satisfied:

3 2r 2 8
(GM =20 (P O+ (CH) (3.12)

In conclusion, we have presented an exact stationary axisymmetric solu-
tion for the coupled SU(5) EYMH system. Our solution gives the gravitation
and gauge fields of a ring of mass M, electric charge Q, magnetic charge P,
and QCD color charge C® rotating about its axis of symmetry. It is a black
hole solution if (3.10) is satisfied, and reduces to the result given in Yu (1991)
in the case a=0. Our solution leads to a QCD colored, electromagnetically
charged, rotating black hole, i.e., a black hole with five hairs.

APPENDIX

Using the metric (2.6) and equations (2.10) and (2.11), we can compute
the main nonzero components of the Einstein tensor E¥,=R¥ — 16% R
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as follows:

E’,z—l—[2X BV+OVaX+2W EW+ (8, W)
4Yp

—(X 8,V+W a,W) a,(m -’?g)]
1
+Z?[2X XV + 0oV 0o X +2W W+ (0sW)?
o _

1
+‘—1—Y—Z—[2 Z+205Y—0,Z 8.(In YZ)—3,Y dg(In YZ)]

E'y= ——1—[2 W OV —V o, W)—(W 8V —V o.W) a,(m ﬂ)]
4Yp VA
1 pZ
—w—[z QoW 0oV —V 8gW) — (W 3oV =V 0 W) ag(m —)]
4Zp Y

E’,.=L[a,p 6,(In Z)+9,X 0,V+ (6, W)
4Yp

+- L 12 Bp—0p de(in pZ)—3aX 6V~ (G0 W]
4Zp

E'o=—— 120, 39p—d,p de(ln p¥)—6,(In Z) dop
4Yp

(8, X 0oV +0sX 0,V+2 0,W 3gW)]

E?% =Z—1};-[2 ?Zp—20,p 8lin pY)—03.X 0,V—(8,W)7]
p

+—1—-[ag p Oo(In Y)Y+ 00X oV + (3 W)?]
4Zp

E"’¢=4—II/—[2V63X+6,X oV+2W W

)

Y
F@WY—(V 8,X+ W a,W) 6,(1n %)]
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+L[2Va%,x+aex QoV+2IW AW
4Zp

2 pZ
+(63W) —(V69X+ WagW) 89 In "7

1
+Z—YE[2 PZ+2 35Y—0,Z 8,(In YZ)—0eY do(In YZ)]

where p=XV+ W?and /—g=(pYZ)"*. From (2.7), (2.8), and (2.10), after
a tedious calculation, we obtain:

1 A!
F”=———2 diag(l“;, Fl » r2_*_1-‘3r r, —Z(F, +F2))
gz 2
Fo=2500 4o (A Avs Aot Ag 0)
10 g/22 g s 1, 2 3 9 L
Fy=0

| S . f1
Fngﬁ dlag(O, 0, As(r’+a*) sin 0 5 0)

1 o1
F,=—— diag|0, 0, —Ta sin* 0 ,0)
[ g,zz g( 3 D)

F,9=0
Dy¢=07 p=ta r, 97 (P
D,H=(, u=tr, 6, ¢

(in deriving D, H=0, we have used the relation B,=—B,), where

I =b,(r*—a’ cos’ 0), I',=b,(r*—a* cos® 0)
['s=—2ra cos 0+ bs(r*—a* cos® ), bi=—by, = [ +1,=0
A, =—2bira cos 8, Ay, =—2b,ra cos 0

A3: —2b3ra cos 6 — ("2““612 COS2 9), b] = _b2 =3> A] +A2:O
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To get the explicit forms for the energy-momentum tensor, we use the contra-
variant metric tensor g”", which, according to (2.6), is given by

grtzl/ o __]; 09_ __l
p’ Y’ z
X
=%, go=- p=XV+W’
p p

Inserting all the above results into (2.2), we find the nonzero components
of T#,:

7= 2{P2 [P+ (CHT) 3[1 +d(1 +sin> 0)]=—T7

T',=— o 2{P2 i[O +(C)]} (P +a’)asin® 6

T?= 2 Z3{1’ HO°+(CHN}

T,= 2{1”2 Q+(C)]}

Making use of all these expressions, we have checked that (2.10) and (2.11)
are really a solution of the coupled EYMH equations of motion (2.4).
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