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Rotating Colored Black Hole in SU(5) GUT 

Hongwei Yu 1 

Received February 4, 1992 

Gravity coupled to the SU(5) GUT is considered. A family of stationary axisym- 
metric solutions is obtained, which represents a rotating black hole with a QCD 
color hair as well as electromagnetic hairs. 

1. INTRODUCTION 

Black holes with hairs other than the total mass, angular momentum, 
and electric and magnetic charges have attracted much attention recently 
(Bowick, 1990; Bowick et al., 1988; Krauss, 1990; Krauss and Wilczek, 
1989; Campbell et al., 1990). Krauss (1990) and Krauss and Wilczek (1989) 
pointed out that black holes can carry discrete hairs, and Bowick (1990), 
Bowick et al. (1988), and Campbell et al. (1990) discussed black holes with 
axion hairs. 

Quite naturally, one hopes to be able to characterize all the possible 
hairs that can be associated with a black hole. We know that elementary 
particles can carry a great number of different charges. Are black holes really 
so different? If we consider gravity coupled to an Abelian U(t) gauge field 
(electromagnetic field), then it is well established that a black hole can carry 
electric and magnetic charges. The coupled Einstein-Maxwell equations have 
a uniqueness theorem similar to the vacuum case--there is a unique four- 
parameter family of black hole solutions described by the Kerr-Newmann 
metric (Mazur, 1982). However, if we go to the non-Abelian case, then no 
analogous statements exist. 

As pointed out by Bowick (1990), it is not so clear if a black hole can 
carry a non-Abelian charge (hair) like QCD color. In order to discuss this 
problem, we should consider gravity coupled to the Yang-Mills (YM) or 
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Yang-Mills-Higgs (YMH) system of fields. However, the Einstein-Yang- 
Mills (EYM) system only describes the massless gauge fields, and the only 
observed massless gauge meson is the photon. All others should be massive, 
So, it is physically more interesting to consider the Einstein-Yang-Mills- 
Higgs (EYMH) system, especially a realistic EYMH system, i.e., gravity 
coupled to a realistic YMH unified gauge theory. 

For the SO(3) EYMH system, both static (Bais and Russel, 1975; Cho 
and Freund (1975)) and stationary (Kamata, 1982) solutions were obtained. 
Recently we have studied gravity coupled to a realistic, non-Abelian, spon- 
taneously broken gauge theory--the SU(5) GUT model--and obtained a 
family of static, spherically symmetric solutions (Yu, 1991) which may lead 
to a black hole with a QCD color hair. 

In this paper, we present an exact rotating black hole solution for 
gravity coupled to the SU(5) GUT model. Our solution is characterized by 
five physical parameters (mass M, angular momentum S, electric charge Q, 
magnetic charge P, and QCD color charges Ca), and represents a black hole 
with five hairs. 

2. EQUATIONS OF MOTION AND THEIR KERR-NEWMAN 
TYPE SOLUTION 

We consider the coupling of gravity to the SU(5) GUT model in four 
dimensions described by the following action: 

S= f d4x x /~(  R16rcG �89 Tr(F~vFP~) +gU~Tr(DucpD~dP) 

+gU~(D~H)+(D~H) - V((a, H)] (2.1) 
/ 

with 

Fsv=O, Av-OvAv-ig'[Av, Av], 

D~4~ = 0~4~- ig'[A,, 4~], D~H= ~I - I -  ig'a,14 

V(~b, H ) = a j  Tr ~b- v gb+ v +a2(2 Tr ~b 2 -  v2) 2 

+a3(H+H-ro2)2+a4H + ~+ v H 

ai>O, V" 1014 GeV, 03" lO 2 GeV, g'=(8)l/2e 

Av,~ , a = 1 . . . . .  24 A~= 0 a 

(2.2) 
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where g' is the SU(5) gauge coupling constant and e the charge of an electron. 
The group generators U' are chosen to satisfy Tr ~.~2 ~= .~5,~ ~b~+~__,?.~. The 
r and H are the 24 rep and 5 rep of SU(5), respectively. Their vacuum 
expectations are 

(~b} = v diag( 1,]]-f~, ~ ,  x/l/15, - 3 / 2 ~ ,  - 3 / 2 , ~ )  

<H > = col(O, O, O, O, co) 
(2.3) 

After the spontaneous breaking mechanism of Higgs 4b and H, SU(5) breaks 
down to SU(3)~ x U(1)~m. 

The equations of motion resulting from (2.1) are 

I ,uv12 R " ~ -  5g .. = 8rrGT ~'' 

( , f ~ ) - '  D . ( , / ~  g"~g"<'Fo~ ) 

= -ig'gU~[dp, Dv q5] - ig'gV~)~O(H+)CD~H - (D~H)+)~OH) 

1 OV(c~, H )  
( . j ~ ) - '  D u ( . ~  gU" D.dp ) = _ _  

2 Oc~ 

( x / - ~ ) _ , D ~ ( . f Z ~ g . , . D ~ H )  = ~V(c~, H )  
DH + 

(2.4) 

Here the space-time indices are p,  v = t, r, O, 4o. With the YMH system of 
fields as a source of the gravitational field, the generation of nontrivial 
topologies by the interaction of the YMH fields and the associated gravita- 
tional field is expected. The energy-momentum tensor of the coupled EYMH 
system is given by 

T~v = - 2 g ~  gp~ Tr(F<,nFvp) + �89 5 ~' vgp~ g ~  Tr(Fp<,F~n ) 

+ 2g ~p Tr(Da$Dvc~) - 5 " v g  p" Tr(Da~bD~b ) + 2 g " R ( D ; H ) §  

- 5~gP<'(DpH)+(D<,H) + 5~'v V(~,  H )  (2.5) 

In order to get the KN-type solution, we use the following stationary axisym- 
metric form for the space-time metric: 

dS 2 = X  dt 2 - Y dr 2 - g dO 2 - V d~o 2 - 2 W dt" &o (2.6) 

where X,  Y, Z ,  V, and W are functions of r and 0. For the purpose of 
obtaining an exact rotating SU(5) dyon or monopole solution, we extend 
the spherically symmetric Dokos and Tomaras (1980) ansatz (Yu, 1991) to 
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the axisymmetric form as follows: 

= 1 diag(B1, BI, B2 q-f'~ ) Ao(r) g'Z ~--B3,  --2(B1+92) 

A r = 0 ,  A0 = ~ r  (T xf)0,  A~=g,~(T x 1~)~, 

1 ,b= 
g'Z diag(Fj, Fj, F2 + F3t- "~, -2(F,  + F2)) 

H= ! col(0, 0, o, 0, I) g' 

(2.7) 

with 

1 T =~ diag(0, 0, z, 0), ~ = r/trl 

= sin 0 cos r ex + sin 0 sin cp e,, + E(r, O) cos 0 e: 

Z = r 2 + a 2 COS 2 0 

(2.8) 

Bi, C, D, E, F~, and I are all functions of r and 0. When the parameter a 
( = S / M )  is zero, obviously, (2.7) should reduce to the Dokos and Tomaras 
(1980) ansatz (Yu, 1991), i.e., we should have (Yu, 1991) 

BffE = J~ (r), C = K(r) - 1, D IE  = [K(r) - l ] / r  
(2.9) 

E = 1, F i fe  = O, (r), I=  h(r) 

For nonzero parameter a, we have obtained an exact solution of the coupled 
SU(5) EYMH equations (2.4) as follows (see the Appendix for the 
verification) : 

BI = b l r = - B 2 = b 2 r ,  B 3 = b 3 r - a  cos 0, 

C = - I  

D = - r - b 3 a  cos 0 

r 2 + a 2 -  b3ra sin 0 tg 0 
E--- 

r 2 + b3ra cos 0 

F, = ~ vg'Y,, F2 = - (1 /4 , /~ )  vg'Z, 

(b j=-b2)  

(2.1o) 

F3 = (5/4w/~) vg's 

I = (og' 
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and 

r=~/~ 

Z = Z  

where the bi are constants of integration. M represents the mass of the field 
configuration and a the angular momentum parameter, i.e., the angular 
momentum per unit mass. The constants P, Q, and C s are given by 

4Jr 47r(-bj+b2-b3) CS 4rc(4b~ - b3) 
P = - -  Q= , - (2.12) 

2e '  2e ,,/-8 e 

Their physical meaning will be discussed in the following section. 

3. DISCUSSION AND CONCLUSION 

Now we investigate the long-range magnetic, electric, and color proper- 
ties of our solution. Let us start by defining the electromagnetic field strength 
to be (Dokos and Tomaras, 1980) 

F' = 2  Tr(Fu~(r)Q(r)) k~ V - - g l  (3.1) 

where the electric operator is 

1 1 2 ^  Q(r) .-, e diag( -  �89 - 5 ,  .~ - ~ r .  ~, 0) 
r ,--~ oo 
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From (2.10) and (2.7), (2.8), we have 

1 F,~=~ 

1 
F t 0  = m  g' 

1 Fo~=~ 

F =1_ 
~or g~ 

diag , Z2, y2 + y? 2 ' 

d. {A|a sin O Ala sin O a sin O ( 7 )  ) 
lag~- -s , ~2 , ~2 A2 + A3 , 0 

A~ 2 f ' x  ) diag 0, 0, ~-~(r + a  2) sin 0 0 
2 ' ' 25 ~ 

Ft~o = 0 

diag(0, 0, F3a~g 2sin2 0 f'x2 ' 0), Fro =0 

with 

F, = bj (r 2 -  a 2 cos 2 0), 

F 3 = - 2 r a  cos 0 +b3(r2-a 2 cos 2 0), 

AI =-2b~ra cos 0, 

A3 = -2b3ra cos 0 - ( r  2 - a 2 cos  2 0) ,  

(3.2) 

F2 = b2(r 2- a: cos 2 0) 

b~ =-b2 ~ F I + F 2 = 0  
(3.3) 

A2 =-2b2ra cos 0 

bl = -b2 => At + A2 = 0 

so the ordinary electric field E(r) and magnetic field B(r) 

E i ( r )  ------~, Tr(Foi(r)Q(r)) 

(3.4) 
1 

Bi (r) =- -  Tr(e,jkFjk(r) Q(r)) g' 

can be calculated as follows: 

(Er, Eo, Er Fb,, F~,,) 

( . - F I + F 2 - F 3  a sin 0 ( - A 1 + A 2 - A 3 ) ,  0 )  
,.~"*~ \ 2e2 2 ' 2eZ2 

(3.5) 
(B~, Bo, B~o)= (Fb~,, P~)~, F'o) 

( ~ A ~ ( ~ + a ~ )  sin O, ~ a  sin~ O, O) 
r ~ Q o  
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which, when expresssed in the asymptotic rest frame (Misner et al., 1973), 
have the following radial orthonormal components: 

( )(-b,+b2-b3 ) (Er,, Eo', Er ~ - F I  + F 2 - F 3  0, 0 ~ 0, 0 
r ~ ~ 2eZ 2 ' 2er 2 ' 

=(4rc(-b,+b2-b3)\_ 2e 4re, "2'1 0, 0) 

(B,..~ Bo,, Br ~.o~-+ 2~e-~ ' 0' 0 ~er 2' 0" 0 

_(4;__1 0 0) 
4zrr 2 ' 

(3.6) 

We now proceed to the investigation of the color properties of our 
solution. By analogy, we can define the color-electric and color-magnetic 
fields, respectively, as 

ET(r) = 2 Tr(Fo,(r)A,~(r)) 

B~'(r) = Tr(e~kFjk(r)2"(r)), a = l , . . . , 8  
(3.7) 

where )~(r) with a ranging from 1 to 8 are the generators of the SU(3)c 
subgroup. By looking at what happens along the +z' axis at infinity, we 
conclude 

(E~, E~,, E;.) -~ (4b, g~s C~ 
r ~ o o  

(e~, 8~,, B;') r~ \ ~ g ' r  ~' O, 0 

(3.8) 

Consequently, we can see from (3.6) and (3.8) that the constants P, Q, and 
C 8, respectively, have the physical meaning of the magnetic, electric, and 
color charge carried by the field configuration of our solution. 

From the metric (2.11), we can show in Boyer-Lindquist coordinates 
that there is an event horizon at 

(3.9) 
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So our solution represents a QCD colored, electromagnetically charged, 
rotating black hole provided that 

a2 + 3G {p2+ 2[Q2 + (C8)2]} < (GM)2 
87c  " 

(3.10) 

Our black hole is smaller than the Kerr-Newman black hole. The black hole 
shrinks as the number of physical conserved quantities increases. 

Now we would like to end the discussion part of this section by pointing 
out that the metric (17) in Yu (1991) can be written 

ds2=(1-2GM+ 3G {p2+ ~[Q2+(CS)2]}) 8~rr 2 

_ 1 2GM+ 3G {/r dr z 
r 8Jrr 2 

-- r2(dO 2 + sin 2 0 dcp 2) (3.11) 

Thus the solution given in Yu (1991) for the coupled SU(5) EYMH system 
can lead to a QCD colored, electromagnetically charged, static black hole if 
the following relation is satisfied: 

( G M ) 2 > _ 3 q { / +  2 2 5[Q + (C8)2]} 
8/" 

(3.12) 

In conclusion, we have presented an exact stationary axisymmetric solu- 
tion for the coupled SU(5) EYMH system. Our solution gives the gravitation 
and gauge fields of a ring of mass M, electric charge Q, magnetic charge P, 
and QCD color charge C 8 rotating about its axis of symmetry. It is a black 
hole solution if (3.10) is satisfied, and reduces to the result given in Yu (1991) 
in the case a = 0. Our solution leads to a QCD colored, electromagnetically 
charged, rotating black hole, i.e., a black hole with five hairs. 

A P P E N D I X  

Using the metric (2.6) and equations (2. I 0) and (2.1 l), we can compute 
the main nonzero components of the Einstein tensor E~'v=RUv-�89 
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as follows: 

E', = 4Tp[2X c?~ V + OrV O,-X + 2 W oZw + (c3,.W) 2 

- (X  O, V+ W O~W) O~(ln P-P-~)] 

+ 1Z E2X oZv+~oVOoX+2WO2oW+(cgoW) 2 
4 p 

- (X  OoV+ W OoW) Oe(ln P~Zy )] 

1 
+ [20~Z+20~oY-O~ZO~(ln YZ)-OoYOo(In YZ)] 

4 YZ 

'[2 E'~,= 4Yp O~(WO~V-VO~W)-(WO~V-VO~W) O~ In 

I [20o(WOoV-VOoW)-(WOoV-VOoW)Oo(lnP~-~)] 
4Zp 

E~= I ,. 4Yp[Orp c3,.(ln Z)+O~X O,.V+(O,.W) 2] 

1 + [2 32oP-dop 0o(ln pZ)-OoX OoV-(OoW) 2] 
4Zp 

1 Ere [2 O,. c3op-O,.p Oo(ln pY)-O,.(ln Z) Oop 
4rp 

- (O,.X O o V + O o X  O, .V+2 O,.W 3oW)] 
1 E~ (?~ p-O,.p ~?~(ln p Y)-OrX O~V-(c~,.W) 2] 

1 + [c~op 0o(ln Y)+OoX OoV+(OoW) 2] 
4Zp 

E~'~=41ypI2 V c3~X + c3~X ~grV + 2 W c32, W 

+(c3rW)2-(V c3,.X+ W c3rW) O,(In P~)] 

663 
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1[ 
+ 2VOZoX+OoX OoV+2WO2oW 

4Zp 

+ (OoW)2-( V ~?oX + W OoW) Oo(ln P--~)] 

1 
+ 4 y z [ 2 0 ~ Z + 2  02oY-O~Z O~(ln YZ)-OoY ao(ln YZ)] 

where p = X V+ W 2 and x / ~  = (P YZ)1/2. From (2.7), (2.8), and (2.10), after 
a tedious calculation, we obtain: 

 _ltr_g, 2 ( ) diag FI, F1, F 2 + F 3 ~ - ,  -2(F,  +F2) 

a s i n 0  ( ~'~ ) 
Fro- g,Z 2 diag Al, AI, A 2 + A 3 ~ - ,  0 

F,~0= 0 

__ 1 diag(0, 0, A3(r2+a 2) sin 0 f ' x  0) Fo~o-g~ 2 ' 

Fe,=g,@ diag(0, 0 , -F3a  sin2 0f2 x, 0) 

Fro=O 

D~b=O, p =t, r, O, ~o 

D~,H= O, p = t, r, O, (p 

(in deriving D~,H= 0, we have used the relation Bj =-B2), where 

Fl=bl(r2-a 2 cos 2 0), 

F3 = -2ra cos 0 + b3(r 2-  a 2 cos 2 0), 

A1 =-2blra cos 0, 

A 3  = -2b3ra cos 0 -  (r2-a 2 cos 2 0), 

1-" 2 = b2(r 2-  a 2 cos 2 0) 

bl=-b2 ~ FI+F2=0 

A2 =-2b2ra cos 0 

bj=-b2 ~ Aj+A2=0 
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To get the explicit forms for the energy-momentum tensor, we use the contra- 
variant metric tensor g.V, which, according to (2.6), is given by 

g , = V ,  grr__ 1 g O o = _ l  
y '  p Z 

X W gee= _ _ ,  gte= _ _ _ ,  p = X V ~  W 2 

P P 

Inserting all the above results into (2.2), we find the nonzero components 
of  T"~: 

Ttt=62Jr~{P2+ ~[Q2+(CS)2]}~33[r2+a2(1 +sin 2 0 ) ] = - T ~ o  

T ' e =  33rr2{P2+ 2[Q2+(cs)2 l}~(r2+a2)a  sin20 

3 a {pZ+ z 2 
T%-32;r2  Z3 g[Q +(C8)2]} 

T % - 6 ~ 2 { P 2  + ~[Q2 + ( c S ) 2 ] } ; = - T ~  

Making use of all these expressions, we have checked that (2.10) and (2.11) 
are really a solution of the coupled EYMH equations of motion (2.4). 
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